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ABSTRACT 

The f e a s i b i l i t y  study of u s ing  a s i n g l e  three-gimbaled c o n t r o l  

moment gyro i s  made f o r  f i n e  con t ro l  of experimental modules a t t ached  

t o  an o r b i t a l  spacec ra f t .  

The suboptimal con t ro l  laws a r e  der ived  f o r  the  s imp l i f i ed  equat ions,  

and these  con t ro l  laws performed very wel l  f o r  the o r i g i n a l  equat ions .  

These laws a r e  feedback con t ro l  laws. 

Three opt imiza t ion  problems a r e  considered f o r  t he  system. These 

a r e  minimum time con t ro l ,  minimum energy con t ro l ,  and minimization of 

both time and energy with a  weighting f a c t o r .  
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I  INTRODUCTION AND SUMMARY 

A.  I n t roduc t ion  

This  r epo r t  i s  concerned with the  f e a s i b i l i t y  of u s ing  a  s i n g l e  

three-gimbaled con t ro l  moment gyro f o r  f i n e  con t ro l  of experimental 

modules a t t ached  t o  an o r b i t a l  spacec ra f t .  

The prototype space veh ic l e  considered by NASA c o n s i s t s  pr imar i ly  

of an o r b i t a l  workshop, a  command se rv i ce  module, and s e v e r a l  exper i -  

niental modules. A system of t h ree  double-gimbaled con t ro l  moment gyros 

. * 
(CMG's) i s  designed t o  con t ro l  the a t t i t u d e  of the  o r b i t a l  workshop.' 

Since the  o r b i t a l  workshop and the  o t h e r  modules a r e  not  r i g i d l y  con- 

nected, t h e  other  modules can be considered a s  masses connected by 

spr ings ;  it  i s  thus  improbable t h a t  the  present  CMG system can provide 

accura te  a t t i t u d e  cont ro l  f o r  t h e  a t tached  modules. 

Addi t iona l  con t ro l  of the  experimental modules could be provided 

by a  s i n g l e  three-gimbaled CMG. 

Control  moment gyros have many a t t r a c t i v e  advantages--among them 

high accuracy and s u f f i c i e n t l y  low power requirements t h a t  the gyro can 

be operated from energy suppl ied  by s o l a r  panels  o r  from f u e l  c e l l s .  

Further ,  s ince  CMG's do not  produce gases  around the space veh ic l e ,  they 

do not i n t e r f e r e  with o p t i c a l  experiments.  These advantages i n d i c a t e  

t h a t  CMG's a r e  the  l o g i c a l  choice f o r  t he  next  generat ion of a t t i t u d e  

c o n t r o l l e ~ s  f o r  space v e h i c l e s  and experimental modules. 

* 
References a r e  l i s t e d  a t  t h e  end of the  r epo r t .  



B. Summarv 

A t h e o r e t i c a l  study has  been made f o r  a  s i n g l e  three-gimbaled con- 

t r o l  moment gyro, Three opt imiza t ion  problems, namely, minimum time, 

minimum energy, and the  minimization of both time and energy with a  

weighting f a c t o r ,  a r e  considered. 

In  order  t o  o b t a i n  a  f e a s i b l e  feedback con t ro l  law, t he  equat ions 

of motion a r e  s imp l i f i ed .  The suboptimal con t ro l  der ived  f o r  t h e  sim- 

p l i f i e d  equat ions  performed very wel l  f o r  t he  o r i g i n a l  equat ions .  

The ou te r  gimbal i s  designed f o r  c o n t r o l l i n g  the  d is turbances  about 

the Z-axis. However, t he  a n a l y s i s  shows t h a t  a  s i g n i f i c a n t  improvement 

i n  t h e  o u t e r  gimbal conf igura t ions  is  r equ i r ed  i n  order  t o  use t h e  ou te r  

gimbal f o r  c o n t r o l l i n g  the d is turbances  about t h e  Z-axis. I t  is i m -  

po r t an t  t o  note  t h a t  the ou te r  gimbal i n  t he  p re sen t  form permits  a  

wider range of X and Y a x i s  con t ro l .  

I t  i s  found t h a t  the  optimal con t ro l  law t h a t  minimizes both time 

and energy with a  weighting f a c t o r  can be cons t ruc ted  by adding a  dead 

zone t o  the  time-optimal switching curves.  The width of the  dead band 

i s  a func t ion  of t he  weighting f a c t o r .  



I1 CONTROL MOMENT GYRO SYSTEM 

In  order  t o  f i n d  the  optimal con t ro l  law, the  t o t a l  system is  

divided i n t o  two p a r t s ,  namely, t he  con t ro l l ed  p a r t  (platform) and the  

con t ro l  element (CMG), i nd ica t ed  schematical ly  below: 

Torque appl ied  

t o  platform Angle devia t ion  

Control led P a r t  (platform) 

Gimbal angle  Nonl inear  r Generated torque 

Control Element (CMG) 

The va lues  of T  and M a r e  r e l a t e d  a s  fol lows:  

T M 



The three optimization problems, namely, time optimal, minimum 

energy, and the minimization of the combination of energy and time, are 

considered in this report. General comments for the three problems are 

given below. 

Time-Optimal Control--The time-optimal-control law is found by 

considering only the controlled part : 

Control Law 

Once the time-optimal-control law ~(8") is determined, the unique solu- 

tion 8(8*) from the equation describing the control element is also 

determined. 

Minimum-Energy Control--If the problem is defined as that of mini- 

mizing the energy consumption without having any limitation in time, 

then the solution is trivial. The answer is to use almost no energy 

and to consume infinite time. 

Minimization of the Combination of Energy and Time--The main problem 

in this research is to find the control law that minimizes the combina- 

tion of energy consumption and time with a weighting factor. The non- 

linearity in the equation of motion of a CMG causes the difficulty in 

finding the feedback optimal control law. When the implementation of 

the solution is considered, it is better to have a feedback control law 

for a simplified model than a time-dependent solution for the original 

equation with a high degree of nonlinearity. The simplification of the 

equation is discussed in Section 111. 



I11 MATHEMATICAL MODEL O F  CMG 

A .  P r e l  iminary Remarks 

I t  i s  n e c e s s a r y  t o  d e f i n e  t h e  t o r q u e s ,  a n g u l a r  v e l o c i t i e s ,  and 

a n g u l a r  momentum b e f o r e  d e s c r i b i n g  t h e  e q u a t i o n  of motion.  

I f  n ( i  = 1, 2, 3 )  i s  a  r igh t -handed  s e t  of  mutua l ly  p e r p e n d i c u l a r  
-i 

p r i n c i p a l  d i r e c t i o n s  of a  r i g i d  body R f o r  t h e  mass c e n t e r  - P* of R, and 

R ' ~  R 
i f  t h e s e  u n i t  v e c t o r s  a r e  f i x e d  i n  R, t h e n  t h e  t o r q u e  - r of  t h e  i n e r t i a  

2 coup le  a c t i n g  on R i n  a  r e f e r e n c e  frame R'  i s  g iven  by 

d  "WR 
3 

3 d t  
( 1  

where R1wR i s  t h e  n measure number of t h e  a n g u l a r  v e l o c i t y  of  R i n  R 1  
i -i 

and I i s  t h e  p r i n c i p a l  moment of i n e r t i a  of R f o r  P*. 
i - 

Def ine  t h e  moment of i n e r t i a  of  t h r e e  gimbals--namely, inner ,  

middle ,  and ou te r - -as  f o l l o w s :  



The f i r s t  s u b s c r i p t s  i n d i c a t e  the  axes (x, y, z )  and the second sub- 

s c r i p t s  i n d i c a t e  the r e f e rence  frames ( inner  gimbal, middle gimbal, 
* 

ou te r  gimbal).  

Define the angular  v e l o c i t i e s  of those gimbals and t h e i r  time de- 

r i v a t i v e s  with r e s p e c t  t o  the main body a s  

and a l s o  def ine  the matr ix [ W ]  a s  
i 

Then the torque [TI of the i n e r t i a  couple a c t i n g  on a gimbal i i n  a 
i 

re fe rence  frame B, main body [ r e f e r  t o  Eq. ( I ) ] ,  i s  descr ibed  a s  

The angular  momentum H of the  r o t o r  r e l a t i v e  t o  the  mass cen te r  i n  - 
B i s  expressed a s  

* 
Refer t o  Figure 1. 



F IGURE 1 SKETCH OF CMG 

7 



where ? i s  the  p r i n c i p a l  moment of i n e r t i a  of the  r o t o r  f o r  t h e  mass 
i 

cen te r ,  @ i s  the  angular  v e l o c i t y  of t he  r o t o r  wi th  r e s p e c t  t o  the  inner  

gimbal, and a s  prev ious ly  def ined  -1.' n  -2.' n  and n  a r e  mutually perpen- 
-3 

d i c u l a r  u n i t  v e c t o r s  f i x e d  i n  t h e  inner  gimbal. I n  t h i s  case,  a  r i g i d  

body R corresponds t o  the  inner  gimbal. The sum of t h e  moments about 

the mass c e n t e r  of t he  r o t o r  of a l l  g r a v i t a t i o n a l  and con tac t  f o r c e s  

a c t i n g  on the  r o t o r  i s  r e l a t e d  t o  the  angular  momentum H - a s  fol lows:  

I f  @ >> W and >> 6 then 
i j ii' 



Let us  def ine  the coord ina te  t ransformation mat r ices  a s  fol lows:  

(1)  Rotat ion 8 about z a x i s  
3 3 

where 

s i n  8 
3 3 

(2)  Rotat ion 8 about y a x i s  
2 2  

where 

cos 8 0 - s i n  8 
2 

[A1 = 1 



( 3 )  Rota t ion  8 about x a x i s  
1 1 

where 

1 0 0 [ s I  i n e ]  . 

- s i n  8 cos 8 

B. Equations of Motion 

The equat ion  of motion of the  inne r  gimbal i s  descr ibed a s  

The f i r s t  term rep resen t s  the torque a c t i n g  on the  inner  gimbal, the 

second term r e p r e s e n t s  the  precess ion  torque,  and the  t h i r d  term repre-  

s e n t s  the  torque of the  i n e r t i a  couple a c t i n g  on the  inner  gimbal. 

S imi la r ly ,  equat ions  f o r  the middle and ou te r  gimbals a r e  expressed a s  



S u b s t i t u t i n g  E q .  ( 2 )  i n t o  E q s .  ( 4 ) ,  ( 5 ) ,  and (6)  y i e l d s  

and 

Hence, w e  have 



+ 
W N P  
N N N  

H U H  
W N P  
W W W  W  

&+ NE- PE- 
N N N  

E I. 
we to r 
W W W  

O P O  P W N  
N N N  ---  

H H H  
P W N  
W W W  

- ,- - 
H  H  H  

P W N  
P P P  

O P O  

H H H  
N P W  
W W W  --- PE WE toE 

N N N  

PE WE NE 
W W W  

W N P  
N N N 

NE PE WE 
W W W  

H H H  
N P W  
P P P  --- 

PE WE NE 
N N N  



The e lements  of [ w ] ~  and (k] a r e  expressed  i n  terms of 0  i and 6 i 
a s  f o l l o w s :  

6 -e s i n e  -6 6 C O S ~  
1 3  2  3 2  2  

6 C O S ~  -6  6 s i n e  +6* s i n e  cose2-63(62sine s i n e  -6 cose cose ) 
2  1 2 1  1 3  1 1 2  1 1 2  . . 

-8 s ine  -0 0  c ~ s e  +6 case cose -6 ( i1s in@ cos0 +6 cose s i n 0  
2  1 2 1  1 3  1 2  3 1 2  2  1 2  

S u b s t i t u t i n g  t h e s e  v a l u e s  i n t o  E q s .  ( 7 ) )  ( 8 ) )  and ( 9 )  r e s u l t s  i n  t h e  

f o l l o w i n g :  



T = I ( 9  - B s ine  - F) B cose ) 
1 11 1 3 2 3 2 2 

i 

4 1 2 1  
- I ~ ~ ) ( ~ ~ C O S ~ ~  + 6 s ine  cose I ( -6  s ine  + 6 cose cose ) 

3 1 2 2 1 3 1 2 

- ~ ( 6 ~ ~ ~ ~ e  + Q s ine  cose ) 
1 3 1 2 

(10) 

T = cose [I ( b '  cosel - Q Q s i n e  + 9 s ine  cose 
2 1 21 2 2 1 1 3 1 2 

3 2 1 2 
\ I  -6 ( 6  s ine  s ine  - Qlcose cose 

1 2 I  

- ( I ~ ~  - I ) ( - Q  s i n e  + 6 cose c o s ~  
11 2 1 3 1 2 ) ( Q 1  - h3sine 2 ) 

+(il - 6 s ine  )HI 
3 2 

[ 1-9 s ine  - 6 Q cose + 8 cose C O S ~  
I 3 l l  2 1 2 1 1 3 1 2 

-h3(Q1sin0 cose + 6 C O S ~  s ine  
1 2 2 1 2 I 

- (111 
- 1 ~ ~ ) ( 6 ~  - Q3sine ) ( 8 2 ~ ~ ~ ~  + Q s i n e  cose 

2 1 3 1 2 I 
+ ~ ~ ~ b ' ~  + - 1 ~ ~ ) ( 6 ~ ) ~ c o s e ~ s i n ~  2 



. . 
T = -1 ( 6  - 8  s i n e  - 6 6 cose  ) s i n e  

3  11 1 3  2  3  2  2  2  

) (6 C O S ~  + e C O S ~  s i n e  ) (-6 s i n e  + 6 coso C O S ~  ) s i n e  
+ ( I 2 1  - I 3 1  2  1 3  2  1 2  1 3  1 2  2  

f ( 6 2 c o s ~ 1  + 6 s i n e  cose 
3  1 2  2  

+I ' G  cose  - B B s i n e  + 5 s i n e  C O S ~  
211 2  1 2  1 1 3  1 2  

-6 ( 6  s i n e  s i n 0  - 6 cose  cose  ) 1 
3  2  1 2  1 1 2  lSinelCoSe 2  

- I \ ( -Q2s in0  + Q C O S ~  cose 
\ 

- (131 
2 ) ( 6 1  - 6 s i n e  , s i n e  cose 

111 1 3  1 3  2  / 1 2  

+ ( b l  - 6 s i n e  ) ~ s i n 8  cose 
3  2  / 1 2 

( - 6  s i n 0  - Q B C O S ~  + 6 cose C O S ~  
+I311 2  1 2  1 1 3 1 2  

-6 ( 6  s i n e  C O S ~  + 6 cose s i n e  )'case cose 
3  1 1 2  2  1 2 1  1 2 

- I ) Q - Q s i n e 2 )  (#2cos8 + B s i n e  C O S ~  
- (111 21 \ 1 3 1 3  1 2 j 

-I  ( - 6  s i n e  - 6 6 case ) s i n e  
12 3  2  3  2  2  2  

+ ( I 2 2  - '32 16 2 6 3  s i n ~ ~ c o s ~  2  + '32 3  2  3  2  2  2  
(8 cose - Q Q s i n e  )case 

- (122 
- )Q B s i n e  C O S ~  

I12 2  3  2  2  + 1 ~ ~ 3 ~  

I f  s i n  9 = 0 and c o s  0 = 1 (i = 1, 2 ) )  t h e n  the e q u a t i o n s  de- 
i i i 

s c r i b e d  above w i l l  be s i m p l i f i e d  a s  f o l l o w s :  





The d a t a  given by NASA a r e  H = 1000 f t - lb-second,  

1 0 0  

2 2 

1 [ ]  0 0 , I 2 = [ 4 ] s 1 g - f t  0 0 4 , a n d  
I = 0 1 0 s l g - f t  

- [ : :] 2 
I3 - 

s lg - f  t 

0 0 8  

Hence, i f  I = I = I and I = k I  = k I  (k < l ) ,  then  t h e  t h r e e  
11 21  3 1 1 2  2 2 3 2 

e q u a t i o n s  w i l l  become 

Equat ion (16)  can be w r i t t e n  a s  



By u s i n g  t h e  v a l u e s  given by NASA f o r  I and H, we have 
11 

There fore ,  i f  t h e  magnitudes of I and I a r e  much s m a l l e r  t h a n  t h e  
11 22 

magnitude o f  H,  and i f  8 
1) O2' 

and 0 and t h e i r  d e r i v a t i v e s  a r e  smal l ,  
3 ' 

then  t h e  e q u a t i o n s  w i l l  be s i m p l i f i e d  a s  fo l lows :  

where I = I + 122 + 133. 
This  i s  a s i m p l i f i e d  e q u a t i o n  f o r  t h e  c o n t r o l  

11 

element .  I f  t h e  approximat ion g iven  by Eq. (3)  i s  n o t  a c c e p t a b l e  and G 
3 

must be  ? 0 t h e n  I should be e q u a l  t o  I 
+ I22 

+ I + ?  i n E q .  (19) .  
3 3' 11 3 3 3 

The e q u a t i o n  of motion of t h e  c o n t r o l l e d  p a r t  (p la t fo rm)  i s  d e s c r i b e d  

and u s i n g  t h e  r e l a t i o n s h i p  between M and T y i e l d s  



The v a l u e s  of I 
x )  IY' 

and I a r e  g iven  by NASA a s  40,000, 40,000, and 
z 

2 
20,000 s l u g - f  t , r e s p e c t i v e l y .  

Al though Eqs. (19) and (20) s t i l l  have n o n l i n e a r  terms,  they a r e  

much e a s i e r  t o  h a n d l e  than  t h e  o r i g i n a l  one.  

T 
L e t  u s  i n t r o d u c e  t h e  s t a t e  v a r i a b l e s  x  = [xl, x2, . . . - , xl01 and 

rr ,  

t h e  c o n t r o l  v a l u e  u L  = [ u  - u  u 1 a s  f o l l o w s :  
1' 2' 3 

Using t h e s e  new v a r i a b l e s ,  we can  w r i t e  Eqs.  (19) and (20) a s  

1 7 1 0  



1 
j = - [T c o s  x - T s i n  x  

2  I 1 9  2  9  I 
X 

S u b s t i t u t i n g  E q .  (21) f o r  E q .  (22) r e s u l t s  i n  t h e  f o l l o w i n g :  

X = x  
1 2  

H 
2 2 = - -b I 7 x  1 0  cos  x  9 - x  8 x  1 0  s i n  x  9  ] - (k s i n  xg)ul - (i c o s  xg)u2 

X 

X = x  
3 4 

H 
= [ x x  cos  x  x x  s i n x ]  +(ices x i u  - ( t s i n x g ) u 2  

4 I 8 10 9 7 10 9  9 1 
Y 



C. Cost  Funct ion 

The n e x t  s u b j e c t  of d i s c u s s i o n  i s  t h e  c o s t  f u n c t i o n ,  which i s  t h e  

sum of t h e  power consumption and t ime, w i t h  a  we igh t ing  paramete r ;  i t  

i s  e x p r e s s e d  a s  

Although T T and T s a t i s f y  Eqs. (19) a f t e r  some approximat ions ,  we 
1) 2' 3  

w i l l  approximate  them f u r t h e r  a s  f o l l o w s :  

Then t h e  c o s t  f u n c t i o n  d e s c r i b e d  by Eq. (24)  w i l l  become 

The approximat ion above i s  w e l l  j u s t i f i e d  f o r  smal l  v a l u e s  of 0 
1.' O2.' 

@3.' 
and t h e i r  d e r i v a t i v e s .  





IV OPTIMIZATION 

A .  S i m p l i f i c a t i o n  

One of t h e  o b j e c t i v e s  of t h i s  r e s e a r c h  i s  t o  f i n d  t h e  optimum con- 

t r o l  laws f o r  u  u and u  t h a t  w i l l  d r i v e  d i s t u r b a n c e s  t o  the  
1" 2' 3  

s t a t i o n a r y  p o s i t i o n  i n  minimum time. During t h e  c o u r s e  of t h i s  r e s e a r c h  

( a s  d e s c r i b e d  i n  S e c t i o n  IV-C), i t  was found t h a t  t h e  o u t e r  gimbal cannot  

s u c c e s s f u l l y  be used a s  a  t o r q u e  g e n e r a t o r .  The o u t e r  gimbal i s  simply 

used f o r  e l i m i n a t i n g  t h e  z - a x i s  to rque  produced by t h e  inner  and middle  

gimbal movements w h i l e  c o n t r o l l i n g  t h e  8 8 d i s t u r b a n c e s .  I n  o t h e r  
x' Y 

words, u  i s  chosen s o  a s  t o  make 5 zero .  From Eqs. (23)' u  can be 
3 6 3 

expressed  a s  

With t h i s  cho ice  of u  t h e  optimum c o n t r o l  laws f o r  u  and u  a r e  de- 
3 ' 1 2 

r i v e d .  L e t  

E = X  x cos  x - x  s i n  x  - 
1 9 8 91 : 9 

X 

Then Eqs. ( 2 3 )  w i l l  become, 



Before f u r t h e r  ana lys i s ,  l e t  us  review the  maximum p r i n c i p l e  of 

Pontryagin. 

B.  Appl ica t ion  of Maximum P r i n c i p l e  

Let us consider  the  time-optimal con t ro l  of the system descr ibed  

by Eqs. (28).  I f  t he re  i s  no bound f o r  u  and u  the re  i s  no s o l u t i o n .  
1 2' 

Hence u and u  a r e  considered t o  be bounded and a r e  descr ibed a s  
1 2  

The optimal con t ro l  problem i s  defined a s  fol lows:  The system i s  

descr ibed  by Eqs. (28) and (29).  The ob jec t ive  i s  t o  determine con t ro l  

laws u  ( t )  and u ( t ) ,  which d r i v e  x x x and x t o  ze ro  a t  the  
1 2  1' 2' 3' 4 

f i n a l  time and which minimize the func t ion  

along the  so lu t ion .  

T  
In t roducing  the  four-dimensional a d j o i n t  vec tor  - = (A. h A. h ) 

1' 2' 3' 4 

and the func t ion  



we have t h e  equa t ions  

For f i x e d  va lues  of and x, i s  a  func t ion  of u. We denote the upper  - - - 

bound of the  va lues  of t h i s  f u n c t i o n  by M(h, x ) :  - - 

M (h, if) = SUP (h) 2, 2 )  
ueu 

Maximum p r i n c i p l e 3 - - ~ e t  u ( t ) ,  t I t t be an admissible  c o n t r o l  - - 0 1 

t h a t  t r a n s f e r s  t he  s t a t e  po in t  from x  t o  x  and l e t  x ( t )  be the  co r r e -  
-0 -1.' - 

sponding t r a j e c t o r y ,  so  t h a t  x ( t  ) = x x ( t  ) = x . In order  t h a t  u ( t )  - 0 -o) - 1 -1 - 

and x  be time-optimal, i t  i s  necessary t h a t  t h e r e  e x i s t  a  nonzero, con- - 
T 

t inuous vec to r  func t ion  - h ( t )  = [ h  ( t ) ,  h  ( t ) ,  h  ( t ) ,  h  ( t ) ]  corresponding 
1 2 3 4 

t o  u*( t )  and x*( t )  such t h a t  - 

(1) For a l l  t, t I t I t the  func t ion  a [ h ( t ) ,  ~ ( t ) ,  21 
0 1' - 

of t he  v a r i a b l e  ueu a t t a i n s  i t s  maximum a t  t he  p o i n t  

(2) A t  the  terminal  time t the r e l a t i o n  
1) 

i s  s a t i s f i e d ,  



Furthermore, i t  t u r n s  ou t  t h a t  i f  - ~ ( t ) ,  - x ( t ) ,  and - u ( t )  s a t i s f y  system 

(32))  (33)) and condi t ion  (1) )  t h e  time func t ion  M[h(t) ,  - - x ( t ) ]  i s  con- 

s t a n t .  Thus Eq. ( 3 6 )  may be v e r i f i e d  a t  any time t, t 5 t 5 t and 
0 1' 

no t  j u s t  a t  t 
1' 

C. Minimum Time Control  

Let  u s  apply the  maximum p r i n c i p l e  t o  the  problem descr ibed  by re -  

l a t i o n s  (28)) (29),  and (30).  Var iab les  € and € a r e  considered t o  be 
1 2  

cons t an t  du r ing  the  process  of f i n d i n g  an optimal c o n t r o l  law. Once 

the  opt imal  con t ro l  i s  found, c and E a r e  considered t o  be v a r i a b l e s  
1 2  

a s  def ined  by Eqs. (27).  This  type of approach i s  used f r equen t ly .  The 

r e p r e s e n t a t i v e  example i s  t he  Kryloff-Bogoliuboff method i n  nonl inear  

4 mechanics. 

I f  c and s a r e  t r e a t e d  a s  cons tan ts ,  then Eqs. (28) a r e  decoupled. 
1 2  

The opt imal  c o n t r o l  laws f o r  W a r e  obtained by us ing  t h e  maximum 
1 

p r i n c i p l e  of Pontryagin a s  fol lows.  

The Hamiltonian func t ion  51 f o r  a  s e t  of equa t ions  

i s  descr ibed  a s  

3 = A X - A 2 ( E l  f W ) . 
1 2  1 

The a d j o i n t  v a r i a b l e s  ),. and s a t i s f y  the d i f f e r e n t i a l  equa t ions  
1 2  



Hence t h e  optimum c o n t r o l  law f o r  W becomes 
1 

H 
W* 1 = cr - I sgn (-h2) = CY sgn 

X - ~ 2  1 
and W* h a s  a t  most one swi tch .  The c o n s t r u c t i o n  of a  s w i t c h i n g  curve  i n  

1 

t h e  x -x plane  i s  done by a n a l y z i n g  t h e  backward t r a j e c t o r i e s  s t a r t i n g  
1 2  

from t h e  o r i g i n .  

L e t  "i = t - t and d / d t  = ( ) I ; then  we have 
f 

- 
where T i s  c o n s t a n t .  I f  W = 'a, then  x and x a r e  given by 

1 2  1 

Hence, we have 



Simi l a r ly ,  

* w = sgn [x 
2  3 + 2 3  - e2 sgn x  

3 x4 'x4 '  I 
By s u b s t i t u t i n g  W* and W* i n t o  Eqs. (27), we f i n d  the  optimal c o n t r o l  

1 2  

laws u* and u* t o  be 
1 2  

I t  should be noted t h a t  these  optimal con t ro l  laws a r e  not  designed f o r  

d r i v i n g  gimbal angles  t o  zero when the  d is turbances  of the space veh ic l e  

a r e  c o n t r o l l e d  t o  t he  des i r ed  pos i t i on .  

A t  t he  e a r l y  p a r t  of t h i s  s ec t ion ,  i t  i s  mentioned t h a t  the  ou te r  

gimbal i s  no t  a  good torque generator .  Let u s  examine t h i s  f a c t  f u r t h e r .  

The optimal con t ro l  law f o r  the  outer  gimbal i s  no t  succes s fu l ly  

obtained.  This is  due t o  t he  f a c t  t h a t  the  torque produced by r o t a t i n g  

the  ou te r  gimbal i s  not  s u f f i c i e n t l y  l a rge  t o  con t ro l  the d is turbances  

about the  z  a x i s .  The present  device can con t ro l  the  d is turbances  about 

the z  a x i s  bu t  i t  takes  an unreasonable length  of time. One way t o  make 

the present  system workable i s  t o  increase  the moment of i n e r t i a  of t he  

ou te r  gimbal. This may not  be acceptable  f o r  many reasons.  The r e s t r i c -  

t i o n s  on phys ica l  s i z e s  and weights a r e  two of t hese  reasons.  I t  i s  



hence n e c e s s a r y  t o  add an a d d i t i o n a l  t o r q u e  g e n e r a t o r  i n  o r d e r  t o  con- 

t r o l  t h e  z - a x i s  d i s t u r b a n c e s  p r o p e r l y .  I t  shou ld  be  p o i n t e d  o u t  t h a t  

t h e  p r e s e n t  o u t e r  gimbal h a s  i t s  own f u n c t i o n ,  which i s  e x p r e s s e d  i n  

Eqs. (23) and (26) .  Assume u  = u  = 0  i n  Eqs. (23) ; t h e n  x  and x 
1 2 5 6  

shou ld  s a t i s f y  t h e  d i f f e r e n t i a l  e q u a t i o n s  

Hence t h e  minimum time c o n t r o l  law f o r  u i s  d e s c r i b e d  a s  
3  

A f t e r  a  t e d i o u s  c a l c u l a t i o n ,  i t  c a n  be  shown t h a t  t h e  t ime t r e q u i r e d  
f 

f o r  d r i v i n g  t h e  i n i t i a l  s t a t e  (x x ) = (a, b)  t o  t h e  o r i g i n  i s  ex- 
5' 6  

p r e s s e d  as 

where 6 = @ / I  and a  + blb1/26 > 0 .  
z 

2 2  
For t h e  p r e s e n t  system, I = 1 3  s l u g - f t  , I = 20,000 s l u g - f t  , and 

z 
2 

p = 0.1745 r a d / s  . Hence 

- 3  
I f  t h e  i n i t i a l  v a l u e s  a r e  chosen  t o  be a  = 0  and b  = 1 . 2  X 10  r a d / s ,  

t h e n  



seconds 

This  c l e a r l y  shows t h a t  the  o u t e r  gimbal cannot  c o n t r o l  the  high-frequency 

d i s tu rbances  about t he  z ax i s .  One way t o  improve t h i s  i s  t o  i nc rease  

the  va lue  of 6 by i nc reas ing  I and/or $ .  This po in t  needs f u r t h e r  in- 

v e s t i g a t i o n .  

D. Examples of Minimum Time Cont ro l  

The opt imal  c o n t r o l  laws u* and u* a r e  t e s t e d  by applying them t o  
1 2  

d i f f e r e n t  types  of d i s turbances .  Since 8 and 8 behave s i m i l a r l y  t o  
X Y 

the  same type of d i s turbances ,  only the  d i s tu rbances  f o r  8 a r e  
X 

considered.  

I f  t he  f o r c i n g  term about t he  x  a x i s  i s  descr ibed  a s  then 8 
x7 X 

s a t i s f i e s  the  d i f f e r e n t i a l  equa t ion  

- 
For our  t e s t s ,  M i s  chosen t o  be s t e p  input ,  ramp input ,  and s inu-  

X 

s o i d a l  i n p u t s  with d i f f e r e n t  f requenc ies .  F igures  2 (a)  and 2 (b) show 

t h e  behavior  of 8 under the 25 f t - l b  i npu t  and 5 t  f t - l b  ramp input ,  
X 

r e s p e c t i v e l y .  For t he  examples considered here ,  t h e  l i m i t s  of t he  

gimbal r a t e s  a r e  expressed a s  



DEVIATION ANGLE, 8, - degrees DEVIATION ANGLE, Ox - degrees 



These cond i t i ons  determine a t o  be n/36 = 0.0872 r ad / s ;  hence t h i s  w i l l  

r e s t r i c t  t he  motion. The performance i s  s a t i s f a c t o r y .  The opt imal  con- 

t r o l l e r  performed wel l  a g a i n s t  s i n u s o i d a l  d i s tu rbances  a l s o .  The s i n e  

waves with 10 f t - l b  amplitude and 0.5,  2,  and 5 c / s  a r e  used a s  d i s -  

turbances.  The r e s u l t s  a r e  shown i n  F igures  3, 4, and 5. Even i f  the  

d i s tu rbance  i s  only i n  Q t he  torque f o r  c o n t r o l l i n g  8 d i s t u r b s  8 due 
x)  X Y 

t o  t h e  coupl ing  e f f e c t .  The maximum dev ia t i ons  of 0 due t o  the  coupl ing 
Y 

e f f e c t  a r e  summarized i n  Table I .  

Table I 

MAXIMUM DEVIATION OF 0 
Y 

The opt imal  c o n t r o l  laws a r e  a l s o  t e s t e d  f o r  d r i v i n g  the  a r b i t r a r y  

i n i t i a l  s t a t e s  t o  the  o r i g i n .  The r e s u l t s  a r e  shown i n  F igures  6  and 7. 

Case 
- 

Step  Input  M = 25 f t - l b  
X - 

Ramp Input  M = 5 t  f t - l b  
X - 

Sinusoida l  Input  M = 10 s i n  (Vt) f t - l b  
X - 

M = 10 s i n  (4 ~ t )  f t - l b  
X 

- 
M = 10 s i n  (10 n t )  f t - l b  

X 

The opt imal  laws u* and u* descr ibed  by Eqs. (40) and (41) a r e  sub- 
1 2  

Maximum Deviat ion of 0 
(degrees ) Y 

1. o x 

1 . 0  x 

1 . 6  X 

1.09 x 

1.08 X 

s t i t u t e d  f o r  u  and u  i n  Eqs. (23).  
1 2  

I f  t h e  order  of the  magnitudes of 8  e2, 03, and t h e i r  d e r i v a t i v e s  

a r e  a t  most s e v e r a l  degrees  and s e v e r a l  degrees/second, then Eqs. (23) 

a r e  an accep tab l e  mathematical model f o r  the  CMG. The maximum d i s t u r -  

bances fo r  8 and 8 
y 

and x ) a r e  considered t o  be l e s s  than 
X 2 

0.00075 r a d  (=0.043 deg).  In  t he  case  of as t ronomical  observa t ions ,  

d i s tu rbances  of t h i s  magnitude w i l l  be expected. 
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FIGURE 6 SUBOPTIMAL TRAJECTORIES (xl - x 2  plane) 

X I  - rad 



-1.6 L 

FIGURE 7 SUBOPTIMAL TRAJECTORIES (x, - x, plane) 

rad 



The t h e o r e t i c a l  optimum time i s  known f o r  each i n i t i a l  s t a t e  

numbered 1 t o  4. The time r equ i r ed  t o  reach  the  c i r c u l a r  region with 

- 5 
r ad ius  of 10 r a d i a n  about  t he  o r i g i n  of t he  x -x plane i s  c a l c u l a t e d  

1 3  

f o r  each i n i t i a l  s t a t e  and shown i n  Table 11. 

Table I1 

COMPARISON OF TIME REQUIREMENT 

The behavior  of t he  gimbals dur ing  these  c o n t r o l s  i s  a  va luab le  

p iece  of information.  The time h i s t o r i e s  of t he  motion of CMG gimbals 

fo r  s t e p  input ,  s i nuso ida l  i npu t  (0.5 c / s )  and the  a r b i t r a r y  i n i t i a l  

d i s tu rbances  t h a t  correspond t o  i n i t i a l  s t a t e s  2  and 3 i n  F igures  6  and 

7 a r e  shown i n  F igures  8, 9, and 10. 

I n  conclusion,  t he  t e s t s  proved t h a t  t he  opt imal  c o n t r o l  laws u* 
1 

and u* a r e  acceptab le  f o r  small  d i s tu rbances .  
2  

E .  Minimum Power Control  

Time Required t o  Reach the  

Region with Radius of r ad  

i n  x1-x3 Plane 

(seconds) 

1.023 

0.772 

0.420 

0.535 

I n i t i a l  

S t a t e  

1 

2 

3 

4 

I n  t h i s  s ec t i on ,  t h e  minimum power c o n t r o l  problem i s  considered.  

Because of t h e  same reason  mentioned i n  t h e  minimum time c o n t r o l  problem, 

the  ou t e r  gimbal i s  not  used f o r  c o n t r o l l i n g  t h e  z -ax is  d i s turbances .  

We w i l l  only cons ider  t h e  d i s turbances  about  the  x and y axes.  

Theo re t i ca l  

Optimum Time 

(seconds) 

0.702 

0.602 

0.402 

0.502 







LU 

k 
t;; 

N 

W 
I- 
5 
t;; 



By us ing  the  same n o t a t i o n s  c e W and W def ined  i n  Eqs. (27)' 
1' 2' 1' 2  

Eqs. (23) become 

which a r e  e x a c t l y  t h e  same a s  Eqs. (28).  

A c o s t  func t ion  f o r  t he  minimum power problem i s  expressed a s  

where i s  a  weight ing f a c t o r .  I f  = 0, the  problem i s  reduced t o  t h e  

minimum time problem; i f  = WJ, t he  problem becomes a  pure minimum 

power problem. The minimum time problem was discussed i n  t h e  preceding 

s e c t i o n .  A pure minimum power problem i s  no t  of i n t e r e s t  h e r e  because 

the  s o l u t i o n  i s  the  one t h a t  r e q u i r e s  an i n f i n i t e  time t o  c o n t r o l  any 

d is turbance .  

The problem considered he re  i s  then t o  minimize both the  energy 

consumption and the  time with a  c e r t a i n  weight ing f a c t o r .  

t 
If  J3 = S [ ~ E ( H  u  u  I + 11 d t  i s  acceptab le  a s  an approximation 

0 1 2  

of J then the  opt imal  con t ro l  laws f o r  t h i s  problem a r e  found i n  the  
2' 

fo l lowing  way. By t r e a t i n g  c and e a s  cons tan ts ,  we can decouple t he  
1 2  

d i f f e r e n t i a l  equa t ions  and f i n d  the  opt imal  con t ro l  laws -ii and ti f o r  
1 2  

u  and u  independently.  
1 2  



The op t imal  c o n t r o l  law u should t r a n s f e r  t h e  i n i t i a l  s t a t e  to  
1 

t h e  o r i g i n  by s a t i s f y i n g  t h e  r e l a t i o n s h i p s  

and by minimizing t h e  c o s t  f u n c t i o n  

The Hami l ton ian  f u n c t i o n  f o r  t h i s  problem i s  

I f  u = > 0 ) )  then  W i s  given by 
2  1 

and hence 

H 9  
= I1x2 - h2E1 h  0 - cos  x  - 2 2 ~ ~  2ka~ I r2 sinxx 1 

2  I 9 
X 

T h e r e f o r e  t h e  optimum t h a t  maximizes H i s  d e s c r i b e d  a s  
1 

- u  = -a sgn ( h 2 )  sgn ( s i n  x g ) / s g n  ( h 2  s i n  x  1 - ..:.I + 1112 

1 9  X 

43 



This  express ion  shows t h a t  IT i s  a  bang-bang type and has  a  dead zone. 
1 

Figure 11 i l l u s t r a t e s  vs .  (A2 s i n  x  /21r(l1 ) .  
1 9 X 

FIGURE 11  ILLUSTRATION OF G, 

The width of t he  dead band i s  a  func t ion  of the  weighting f a c t o r  
- 
k. I f  k i s  small,  which corresponds t o  near  time optimal,  the  dead 

band becomes narrow; the  dead band becomes wider a s  k increases .  

Roughly speaking, the  minimum power con t ro l  law u can be obtained by 
1 

adding a  dead zone t o  the  switching curve f o r  the  minimum time con t ro l .  

A s imi l a r  argument i s  t r u e  f o r  u and i s  expressed a s  
2 

- 
u 2  = - sgn (14) sgn ( s i n  xg ) lsgn ( 1  s i n  x 9 1 - 2Ea1 ) + 1/,2 . 

Y 

F. E f f e c t s  of Time Delay 

For the CMG system considered here,  a  d i f f e r e n t i a l  equat ion with 

time delay--or, more accura te ly ,  a  d i f f e r e n t i a l - d i f f e r e n c e  equation-- 

may descr ibe  the  system more r e a l i s t i c a l l y  than an ord inary  d i f f e r e n t i a l  



e q u a t i o n .  T h i s  is  p a r t i c u l a r l y  t r u e  i f  t h e  s i g n i f i c a n t  t ime d e l a y s  

e x i s t  i n  both  t h e  s e n s o r s  and t h e  c o n t r o l  a c t u a t o r s .  The former d e l a y  

e x i s t s  i n  t h e  feedback loop  of t h e  system, and t h e  l a t t e r  d e l a y s  e x i s t  

i n  t h e  c o n t r o l  f u n c t i o n .  

I t  i s  t h e  o b j e c t i v e  of t h i s  r e s e a r c h  t o  o b t a i n  a  p r a c t i c a l  approxi-  

mate s o l u t i o n  r a t h e r  than  i m p r a c t i c a l  e x a c t  s o l u t i o n .  Hence t h e  sub- 

op t imal  feedback c o n t r o l  laws a r e  found by u s i n g  s i m p l i f i e d  e q u a t i o n s  

o f  motion.  A s  a  r e s u l t ,  t h e  e f f e c t  of t ime d e l a y s  a r e  n e g l e c t e d  

a l t o g e t h e r .  

G. Reduct ion of Model through P o l a r  Coord ina tes  

and Another Approach t o  Time-Optimal Cont ro l  

The t e n  s t a t e s  of t h e  op t imal  c o n t r o l  problem formulated i n  S e c t i o n  

1 1 1 - B  w i l l  now be t ransformed t o  o t h e r  s t a t e s  u s i n g  c e r t a i n  p o l a r -  

c o o r d i n a t e  and o t h e r  t r a n s f o r m a t i o n s .  The o b j e c t i v e  of o p t i m i z a t i o n  

w i l l  be  t o  d r i v e  c e r t a i n  s t a t e s  t o  z e r o  i n  minimum time a l though  t h e  

approach t h a t  f o l l o w s  could  j u s t  a s  e a s i l y  be a p p l i e d  t o  f u e l  opt imiza-  

t i o n  o r  a  weighted combinat ion of t ime and f u e l .  Beginning w i t h  t h e  

s t a t e  dynamics e q u a t i o n s  ( 2 3 ) ,  we d e f i n e  new c o o r d i n a t e s  by: 

y7 = x s i n  x  + x  cos  x  
7  9 8  9 

- y8 - -X cos x f x s i n  x  
7  9 8  9 



Thus (y7, y ) i s  the  vec to r  (x x ) r o t a t e d  counterclockwise through 
8 7' 8 

an angle  x - ~ / 2 '  and the dimensions of y and y a r e  i n  r ad i ans .  
9 7 8 

Using t h e  d a t a  f o r  I and I given a f t e r  Eq. (20) gives  the dimen- 
x' IY' z 9 

s ions  of y 
1' Y3' 

and y a s  r ad .  second/f ta. Next, we de f ine  new c o n t r o l s  
5 

v v by 
1' 2 

v = u s i n  x + u cos  x 
1 1 9 2 9 

v = u  cos x + u s i n  x 
2 1 9 2 9 

(52) 

Here again,  (vl, v ) i s  (ul, u ) r o t a t e d  through x - n/2, and t h e  dimen- 
2 2 9 

s ions  of v and v a r e  a l s o  i n  rad/second. 
1 2 

Now t h e  s t a t e  dynamics Eqs. (23) become 



Y7 
= x ' s i n  x  + k cos  x  + cos  x - x s i n  xg)k9 

7  9 8  9 9  8  

= u  s i n  x  + u  cos  x 
1 9 2  9 - Y8Y10 

- 
- Y1 - Y8Ylo  

4 8  
= -k c o s  x + f r  s i n  x  + s i n  x + x cos  x 1% 

7  9 8  9  9  8  9  9 

- - -u c o s  x + u  s i n  x  
1 9  2 9  + '7'10 

- 
- V2 + '7'10 

Equa t ions  (54) )  (56) ,  (59) )  and (60) show t h a t  t h e  problem i s  

n u n c o n t r ~ l l a b l e ' l  i n  t h e  sense  t h a t  yl, . . . , y8 (and hence x . . . , x ) 
1' 8  

cannot  a l l  be d r i v e n  t o  ze ro  by t h e  c o n t r o l s  u  and u  
1 2'  

N o t i c e  a l s o  t h a t  now t h e  e q u a t i o n s  no longer  i n v o l v e  complicated 

terms such a s  s i n  y  and cos  y  and t h a t  they a r e  q u a d r a t i c .  I n  f a c t ,  
9  9' 

s i n c e  it is n o t  d e s i r e d  t o  d r i v e  y  t o  zero ,  and y  now no longer  
9 9  

appears  on t h e  r igh t -hand  s i d e ,  i t  may be e l i m i n a t e d  i n  f i n d i n g  o p t i m a l  

c o n t r o l s .  However, i t  must be remembered t h a t  y  i s  needed t o  c a l c u l a t e  
9  

the  o r i g i n a l  v a r i a b l e  x  . . . , x i n  terms of y  . . . , yg once an o p t i ~ n a l  
1' 8  1' 

c o n t r o l  i s  determined u s i n g  t h e  t ransformed system. 

Next, we i n t r o d u c e  p o l a r  c o o r d i n a t e s  by t h e  r e l a t i o n s :  

Y1 = P c o s  cp Y2 
= r cos  O (63) 

Y3 = sin Y4 
= r s i n  O (64) 

Y7  
= S cos  0 

'8 
= s s i n  0 (65) 



Thus, we have 

Using Eqs. (63), (64),  and (65) ,  we can conver t  Eqs. (53) th rough  

(62) above t o  e q u a t i o n s  i n  t h e  s t a t e  v a r i a b l e s  @, y, a ,  r, p, s, y9, 

ylO, and c o n t r o l  v a r i a b l e s  v v u by proceeding a s  f o l l o w s :  
1' 2' 3' 

b cos  cp - p+ s i n  q~ = r cos  O (66 

j, cos  cp + p+ c o s  cp = r s i n  O (67) 

E cos  O - r O  s i n  O = y s s i n  a - v 
10 1 

(68) 

E s i n  O + r6 cos  O = -ylOs cos a - v 
2 

(69) 

s cos  0 - s a  s i n  0 = v - SYlo  s i n  a 
1 

(70) 

5 s i n  a + sb  cos  o = v + sy10 cos a (71) 

S i m p l i f y i n g ,  we o b t a i n  

b = r cos  (@ - y )  

r = -v cos  O - v s i n  O + y s s i n  (a - 0 )  
1 2 10 

s = v  cos  a + v s i n  a 
1 2 

pc$ = r s i n  (O - cp) 

6 = - s cos  (a  - 0 )  - v c o s  O + v s i n  O Y1o 2 1 

s b  = -v s i n  a + v cos  a + sy 
1 2 10 ' 

I t  i s  n o t i c e d  t h a t  one can l e t  



w = -v cos  @ - v  s i n  @ 
1 1 2 (79) 

which e n a b l e s  f u r t h e r  s i m p l i f i c a t i o n .  Note t h a t  Eqs .  (79) and (80) 

merely r o t a t e  t h e  c o n t r o l  v e c t o r  (u u ) [which h a s  a l r e a d y  been r o t a t e d  
1' 2 

once t o  form (v v ) ]  t o  form s t i l l  a n o t h e r  c o n t r o l  v e c t o r  (w w ) .  
1' 2 1' 2 

One t h e n  o b t a i n s  

v  = -w s i n  @ - w cos  O 
2 1 2 

6 = r c o s  JI 

1' = IV 
1 + Y 1 O  

s s i n  (0 - 8 )  

Using Eqs. (81) ,  ( 8 2 ) )  and (74))  one o b t a i n s  

k = -w (COS @ cos a + s i n  @ s i n  a )  - w (cos  @ s i n  a - s i n  O cos  a )  
1 2 

- - -w c o s  (a - 0) - w s i n  (0 - 0) 
1 2 

(85 ) 

I t  now becomes c l e a r  t h a t  a  and @ can b e  r e p l a c e d  by i / i  and 7, where $ i s  

a s  i n  E q .  (78) and 

( t h e  a p p e a r s  h e r e  f o r  a  s p e c i a l  r eason ,  a s  w i l l  be  e x p l a i n e d  l a t e r ) .  

T h i s  l e a d s  t o  the  f o l l o w i n g :  

h = -r c o s  $ (87)  

G = w - ylos s i n  0 
1 

(88 

k = w s i n  'Il + w c o s  7 
2 1 

(89) 

* 
The a p p e a r s  h e r e  because  @ - cp = T i n  t h e  t e r m i n a l  phase of c o n t r o l  

u s i n g  our  approach i n  t h e  Appendix; i . e . ,  t h e  v e l o c i t y  v e c t o r  i s  o p p o s i t e  

t o  t h e  p o s i t i o n  v e c t o r  n e a r  t h e  o r i g i n  i n  8 - 0 space .  
X Y 



- 
'5 - '6 

$6 
= L u  + x u  + x u  

3 7 1  8 2  

= Lu + x , x  
3 ( 7 8 )  ' ( ~ 1 ~ ~ 2 )  

= I.‘u 3 + (y7,y8) . (v17v2) > 

where L = I/H. The l a s t  l i n e  fol lows from the f a c t  t h a t  both t h e  s t a t e s  

and c o n t r o l s  here  have been r o t a t e d  through the  same angle x - n/2.  
9 

But from Eqs. (74) and (65), we a l s o  note  t h a t  

SS = s ( v  1 cos 0 + v 2 s i n  0) 

= (y77y8) ' 

Thus, we have 

'6 
= Lu + sS 

3 

o r ,  i n  o the r  terms, 

$6 
= LU + s(w s i n  + w cos 7)  . 

3 2 1 

Continuing f o r  the  remaining s t a t e s ,  we have 

-LV s i n  7 + LV cos 7 )  w 
- S 

1 - - cos q) + ( 2 - 2 - 
- Y 1 ~  r s r 

, (93) 

a f t e r  s impl i fy ing  by us ing  Eqs. (81), (82))  and (86).  



F i n a l l y ,  we s t i l l  have 

The r e a s o n  f o r  choosing v = 0 - @ - V above i s  t h a t  remains  e q u a l  t o  

0  and r remains  e q u a l  t o  s when 

(1) 1 = 0 and r = s p r i o r  t o  any 8 o r  8  d i s t u r b a n c e s  and 
X Y 

(2)  There a r e  n e g l i g i b l e  e x t e r n a l  d i s t u r b a n c e s  on t h e  8  
z 

a x i s  of t h e  space  v e h i c l e .  

P r i o r  t o  any 8 o r  8  d i s t u r b a n c e s ,  we have t h e  f o l l o w i n g  s i t u a t i o n :  
X Y 

(1)  The i n i t i a l  c o n d i t i o n s  8  = 8  = 0  imply t h a t  
x Y 

p = r = O ,  

(2)  s  = 0  s i n c e  no c o n t r o l  t o r q u e s  a r e  b e i n g  developed and 

s i s  t h e  nlagnitude of  t h e  v e c t o r  (8 8 ), which r e p r e -  
1' 2  

s e n t s  a n g u l a r  d i s p l a c e m e n t s  a t  t h e  two i n n e r  gimbals,  

(3)  S i n c e  both  v e c t o r s  (6 6 ) and (el, e 2 )  a r e  of z e r o  
x J  Y 

l e n g t h ,  t h e i r  a n g l e s  @, 0, and t h u s  a r e  a l l  am- 

biguous;  t h u s  one may a r b i t r a r i l y  a s s i g n  T t h e  v a l u e  

0 i n i t i a l l y .  

Once d i s t u r b a n c e s  occur  on t h e  8  and axes ,  t h e  magnitude r of  
X Y 

t h e  v e c t o r  (6 6 ) assumes a  p o s i t i v e  v a l u e ,  and @ assumes a  w e l l -  
x' Y 

d e f i n e d  v a l u e .  But t h e  i n s t a n t  t h i s  happens,  t h e  v e c t o r  (8 €I2) i s  

d i s p l a c e d  from (0, 0) a l s o ,  l e a d i n g  t o  a  we l l -de f ined  v a l u e  of  0 and a  

p o s i t i v e  v a l u e  of  s. The i m p o r t a n t  f a c t ,  however, i s  t h a t  (8 e 2 )  i s  

d i s p l a c e d  i n  such a  way t h a t  1 and r - s remain e q u a l  t o  z e r o  when they  

a r e  0  i n i t i a l l y .  To demons t ra te  t h i s  f a c t ,  l e t  T = r - s = 0  i n  Eqs. 

(87) - (95) .  T h i s  l e a d s  t o  



= -r cos $ (100) 

Since i t  i s  now assumed the re  a r e  no z-axis  e x t e r n a l  d i s turbances ,  t o  

maintain y - 
- Y5 

= 0, we must counterac t  t h e  e f f e c t  of s k  i n  Eq. (91) 
6  

so  t h a t  

where K = -1/2L. Equat ion (103) y i e l d s  t h e  same va lue  f o r  u  a s  Eq. 
3 

(26).  We assume t h a t  t h i s  counter  torque i s  phys i ca l l y  ach ievable  with 

n e g l i g i b l e  time de lay  compared t o  the  damped o s c i l l a t i o n  per iods  of t he  

o rde r  of about 1 second f o r  t h e  d i f f e r e n t i a l  equa t ion  system (97)) (98)) 

and (100) combined with t h e  feedback c o n t r o l  law of Table A-1, i n  t h e  

Appendix, a s  observed i n  F igures  15 and 17. 

From Eqs. (96), (98))  and (99)) i t  fo l lows  t h a t  7 = 0, r = s w i l l  

be maintained when 7 = 0, and r = s i n i t i a l l y .  Furthermore, Eqs. (101)) 

(102)) and (103) imply 



where C = C ( t ) ,  and depends upon e x t e r n a l  f o r c e s  a c t i n g  on t h e  z a x i s  

of t h e  space  v e h i c l e ,  which l e a d s  t o  an a d d i t i o n a l  r e a c t i o n  t o r q u e  f o r  

t h e  c o n t r o l  u  d i f f e r e n t  from t h e  v a l u e  given by Eq. (103) .  C ( t )  i s  
3  

t h e  t ime i n t e g r a l  of any e x t e r n a l  d i s t u r b a n c e  t o r q u e s  on t h e  z a x i s .  

Assuming t h a t  t h e s e  d i s t u r b a n c e  t o r q u e s  a r e  smal l  compared w i t h  t h e  

t o r q u e  u  produced by Eq. (102) t o  keep t h e  space v e h i c l e  f i x e d  about  
3 

t h e  e a x i s ,  we can s e t  C = 0.  Combining Eq. (104) w i t h  Eqs. (97) 
z 

through (100)) we o b t a i n  

;, = -r cos 1) (106) 

These a r e  t h e  e q u a t i o n s  of t h e  reduced problem s o l v e d  i n  t h e  Appendix. 

We w i l l  now show what happens t o  s and 7 when p, r, and $ have 

been d r i v e n  t o  0  ( i .  e . ,  i f  t h e  f i v e - s t a t e  problem of  t h e  Appendix i s  

s o l v e d )  wi thou t  r e q u i r i n g  t h a t  r s and 7 0. 

From Eqs. (87) )  ( 8 8 ) )  and (92) )  we s e e  t h a t  once p, r ,  and 4 a r e  0, 

t h e n  they  a r e  main ta ined  a t  0  by keeping t h e  c o n t r o l s  w and w e q u a l  t o  
1 2 

w = ylOs s i n  7 
1 

w - 
2 

- -ylOS cos  7 . 



S u b s t i t u t i n g  t h i s  i n  Eq. (93)) we see  t h a t  

Y l ~ S  Y1o s cos 7 
S ( 7 =  Yl0 I - -  + = 0  
r S r 

Actua l ly  t he re  i s  some degeneracy i n  t h i s  formula a s  r + 0, but  

c l e a r l y  i n  any p r a c t i c a l  s i t u a t i o n  r is  never r e a l l y  0; thus  7 i s  i n  

f a c t  0, s i n c e  the  terms s/r cos 7 cancel  one another  when w i s  main- 
2 

t a ined  a t  the  va lue  -yl0s cos 7. 

S u b s t i t u t i n g  i n  Eq. (89))  we see  t h a t  

& = y  s s i n  7 cos 7 - s  cos s i n  7 = 0  , 
10 Y1o 

Hence s can never be dr iven  t o  zero  once r ,  p, and 4 a r e  0. The phys ica l  

i n t e r p r e t a t i o n  of t h i s  i s  t h a t  one cannot d r i v e  the gimbal dev ia t ions  

0 and 0 t o  zero  once one i s  f i n i s h e d  with d r i v i n g  the dev ia t ions  0 
1 2 x 

B y )  e Z )  ex? 6 and 6 t o  zero. Theore t i ca l ly ,  simultaneous c o n t r o l  of 
Y )  z  

h l ,  i2 and 8 t o  d r i v e  r, p, s ,  y5, and y  t o  zero i s  poss ib le  by t ak ing  
3  6 

advantage of the  h igher  order  terms t h a t  were neglec ted  t o  a r r i v e  a t  

Eqs. (19).  However, because of t he  f a c t  t h a t  such con t ro l  would be 

based on us ing  high-order terms involv ing  8 and Q2 i n  the  range 
1 

8  1 0.07 rad ian ,  i t  i s  expected t o  be too  i n e f f i c i e n t ;  i . e . ,  a g r e a t  
' i  

dea l  of o s c i l l a t i n g  back and f o r t h  around t h e  o r i g i n  i n  r-p space would 

be needed while  s i s  slowly being dr iven  t o  zero. To j u s t i f y  t h i s  

claim, consider  the  assumptions regard ing  the  smallness of 0 and 8 
1 2 

t h a t  were made before  Eqs. (12). Now, i f  one backs up a  s t e p  from t h a t  

s tage ,  one can w r i t e  

T = - ~ ( i  cos 0 + i s i n  0 cos ) 
1 2 1 3  1 2  



T = H c o s  8  (il - 6 s i n  0 
2  3 2 

T = ~ s i n 8  ( B 2 c o s 8  + 6  s i n e  c o s a )  
3 2 1 3 1 2  

. . + H s i n  e c o s  e 2  (Q1 - s i n  a ) + 1 8 ~  
1 2  

= H cos 8  ( s i n  a 6 + s i n  8  6 ) + 1 e 3  
2  2 2  

i n  p l a c e  of  Eqs. ( 1 9 ) .  These c l e a r l y  reduce  t o  t h e  l a t t e r  when 8 and 
1 

0 a r e  s m a l l .  The r e s u l t  of u s i n g  t h e  more e x a c t  e q u a t i o n s  (110))  (111) )  
2 

and (112) is  a s  f o l l o w s  (we omit  t h e  d e t a i l s  of  d e r i v a t i o n ) :  E q u a t i o n s  

(54) )  ( 5 6 ) )  (59) )  and (60) a r e  t o  be  r e p l a c e d  by 

Y7 
= v  cos  8  cos  0 

1 1 2  - Y10Y8 

' 8  
= v  cos  8 c o s  8  

2  ' '10'7 2 1 

Noiv $ and $ d i f f e r  froin -$ and -P4 t o  a  degree  dependent  upon t h e  
7  8 2  

s i z e  of 8  and 8  Hence i t  becomes t e c h n i c a l l y  p o s s i b l e  t o  c o n t r o l  
1 2 '  

(y2, y4) s e p a r a t e l y  from (y 7~ Y8)) b u t  a s  (y7' Y8 ) + 0  [hence 

(e l )  e 2 )  =-+ 01 t h i s  d i f f e r e n c e  d i m i n i s h e s  a s  t h e  s q u a r e  of 8 2' s i n c e  
9 
'5 

c o s  8  1 - 8  2  I t  can be  e a s i l y  checked t h a t  t h i s  i m p l i e s  i n f i n i t e  
2  2  

t ime t o  d r i v e  e and 0 t o  z e r o .  Thus d r i v i n g  bo th  t h e  v e h i c l e  a n g u l a r  
1 2  

v e l o c i t i e s  and t h e  gimbal d e v i a t i o n s  t o  z e r o  does  n o t  appear  p r a c t i c a l l y  

f e a s i b l e ,  



A s  was shown above, when = 0, r = s, and y  - - '6 
= 0, equat ions  

5  

a r e  obta ined  f o r  which a  reasonable suboptimal con t ro l  law, a  c o n t r o l  

law f o r  t he  f u l l  e i g h t - s t a t e  problem c o n s i s t i n g  of Eqs. (87)-(93)) and 

(95) i s  der ivable ,  from which, i n  turn ,  one can con t ro l  t he  o r i g i n a l  

t e n - s t a t e  problem. This  i s  achieved a s  fol lows:  F i r s t ,  a  feedback 

c o n t r o l  law d r i v i n g  the f i r s t  four  s t a t e s  y  . . . , y4 (hence the  
1' 

o r i g i n a l  ex, Qx, 6 ) t o  ze ro  i n  c lo se  t o  minimum time i s  obtained,  
Y 

a s  descr ibed  i n  t he  Appendix. This  con t ro l  law i s  then h e u r i s t i c a l l y  

extended t o  the case  with the  s t a t e s  y  and y  included (although not  
7  8 

being dr iven  t o  zero) ,  a s  shown i n  t h e  Appendix. Then t h i s  can be com- 
* 

bined with the  well-known bang-bang time-optimal con t ro l  law f o r  d r i v i n g  

the  s t a t e s  y  and y  t o  zero i n  t he  two-dimensional " regula tor"  problem 
5  6  

whose s t a t e  dynamics a r e  given by Eqs. (57) and (58)) t r e a t i n g  a l l  but 

y5, y6, and u  a s  e x t e r n a l  d i s turbances .  The above procedure i s  tan ta-  
3  

mount t o  decoupling the  o r i g i n a l  t en - s t a t e  problem i n t o  the two inde- 

pendent time-optimal con t ro l  problems obtained by us ing  only t h e  e i g h t  

s t a t e s  yl, ..., y4, y7, ... Y1o i n  one and the s t a t e s  and y  i n  t he  
Y5 6  

o the r .  This  decoupling i s  j u s t i f i e d  with r e spec t  t o  t he  e f f e c t  of the  

two-state  problem upon the  e i g h t - s t a t e  problem because t h e  s t a t e s  y  
5  

and y  do not  e n t e r  i n  t he  equat ions  of the  o the r  s t a t e s .  However, the  
6 

e f f e c t  of t he  e i g h t - s t a t e  problem upon the two-state problem above i s  

q u i t e  s t rong .  I n  Eq. (91) the  term (y 7, y8) (vl, v ) i s  bounded by 
2  

2  
s  X 0.0872 0.006, s ince  1 sl = y7 + yi 0.07, based on maximum expected 

1st and 2nd gimbal dev ia t ions  of 0.05 rad  2 3°, i n  accordance wi th  

Sec t ion  IV-D, while the term Lu i n  Eq. (91) takes  on the  va lues  
3  

?13/1000 0.1745 2 0.002, us ing  the  d a t a  given a f t e r  Eq. (15) i n  Sec t ions  

1 1 - B  and IV-C. Thus the  "dis turbance" term i n  Eq. (91) may ove r r ide  the  

c o n t r o l  torque term and prevent d r i v i n g  y  = 8  and y  = 6 t o  zero  
5  z  6  z  



u s i n g  t h e  o u t e r  gimbal under wors t -case  d e v i a t i o n s  of t h e  i n n e r  g imbals  

(81, €I2) c o n s i d e r e d  i n  t h i s  r e p o r t .  For l a r g e r  o u t e r  gimbal and f o r  

s m a l l e r  expec ted  d e v i a t i o n s  of 8 and 8 however, t h e  decoupl ing  would 
1 2 

be j u s t i f i e d  wi th  r e s p e c t  t o  t h e  e f f e c t  o f  s upon $ The c o n t r o l  law 
6 ' 

d e r i v e d  h e r e  on t h e  b a s i s  of decoupl ing  h a s  been t e s t e d  so  f a r  on ly  on 

a  reduced v e r s i o n  of t h e  e i g h t - s t a t e  problem hav ing  only  t h e  f i v e  s t a t e s  

ex,  bx, 8 , iy, and 6 The r e s u l t s  f o r  t h i s  reduced problem a r e  shown 
Y 3 '  

i n  F i g u r e s  12-17. F u r t h e r  t e s t i n g  u s i n g  t h e  e n t i r e  decoupled t e n - s t a t e  

problem would be  r e q u i r e d  t o  j u s t i f y  t h e  above approach s a t i s f a c t o r i l y .  

The s c a l e s  f o r  p, z, and z  i n  F i g u r e s  12-17 a r e  i n  u n i t s  of rad-second/ 
3 

2  2 
f t  , and f o r  r t h e  s c a l e  i s  i n  r a d / f t  . Using t h e  v a l u e s  of I and I 

X Y 

a f t e r  Eq. (20) )  and t h e  va lue  of H a f t e r  E q .  (15))  and r e f e r r i n g  t o  Eqs. 

(45) - (47) )  t h e s e  s c a l e s  should  be d i v i d e d  by 40 t o  o b t a i n  t h e  l e n g t h  o f  

t h e  v e c t o r  (8 8 ) and i t s  d e r i v a t i v e  i n  r a d i a n s  and rad/second.  Thus 
x' Y 

t h e  maximum v a l u e  of 0 .05 f o r  p  i n  F i g u r e s  12 and 1 3  corresponds t o  a  

maximum d e v i a t i o n  of 0.00125 r a d  f o r  t h e  v e c t o r  (8 , 8  ), which c o r r e -  
X Y  

sponds approximately  t o  t h e  maximum d e v i a t i o n  of 0.00075 r a d  assumed 

f o r  8  and 8  i n  S e c t i o n  IV-D.  
X Y 



FIGURE 12 OPTIMAL TRAJECTORIES IN p-r-JI SPACE PROJECTED 
ONTO THE p-r PLANE 



p = - -  / 
2ff / (ff = radius of control region 
/ = 0.0872) 

FIGURE 13 THE PATTERN OF OPTIMAL TRAJECTORIES IN p-r-$ 
SPACE PROJECTED ONTO THE p-r PLANE 
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0.00 0.01 0.02 0.03 0.04 0.05 

FIGURE 14 COMPARISON OF OPTIMAL AND FEEDBACK TRAJECTORIES 
IN  p-r PLANE FOR INITIAL POINT A 
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FIGURE 16 COMPARISON OF OPTIMAL AND FEEDBACK TRAJECTORIES IN p-r PLANE 
FOR INITIAL POINT B 







V CONCLUSION 

A t h e o r e t i c a l  study has been made f o r  a  s i n g l e  three-gimbaled con- 

t r o l  moment gyro. In  order  t o  o b t a i n  a  f e a s i b l e  feedback con t ro l  law, 

the  equat ions  of motion were s imp l i f i ed .  The suboptimal con t ro l  de- 

r i v e d  f o r  the  s imp l i f i ed  equat ions  performed very wel l  f o r  the  small  

d i s turbances .  For t e s t i n g  purposes, the  feedback suboptimal con t ro l  

law f o r  minimum time was appl ied  t o  s eve ra l  d i f f e r e n t  cases .  

I t  was found t h a t  the ou te r  gimbal with the  present  con f igu ra t ion  

i s  not  s u i t a b l e  f o r  c o n t r o l l i n g  the  d is turbances  about the z a x i s .  How- 

ever ,  the  outer  gimbal i s  necessary i n  the  p re sen t  form t o  permit ade- 

qua te  x  and y  a x i s  con t ro l .  

The optimal con t ro l  law t h a t  minimizes both time and power with a  

weight ing f a c t o r  was constructed by adding a  dead zone t o  the  time- 

opt imal  switching curves.  The width of the  dead band i s  a  func t ion  of 

the  weight ing f a c t o r .  

The time-optimal con t ro l  problem presented i n  Sec t ion  IV-G i s  

considered from a  d i f f e r e n t  po in t  of view. The time-optimal con t ro l  

laws a r e  der ived  i n  a  h e u r i s t i c  manner and the s imp l i c i ty  of the  re-  

s u l t i n g  c o n t r o l  laws i s  the s i g n i f i c a n c e  of t h i s  approach. 

S ince  t h i s  r epo r t  i s  the  r e s u l t  of the i n i t i a l  phase study, many 

improvements and d e t a i l e d  i n v e s t i g a t i o n  i n  some p a r t s  a r e  requi red .  





APPENDIX 

DERIVATION OF FEEDBACK CONTROL FOR THREE-DIMENSIONAL SYSTEM 

A feedback c o n t r o l  f o r  t h e  reduced system of  e q u a t i o n s  (105)-(107) 

w i l l  be d e s c r i b e d  h e r e .  I t  w i l l  t hen  be shown how t h i s  c o n t r o l  law ex- 

t e n d s  t o  t h e  c a s e  of Eqs. (87)-(95)  when i t  is  assumed, j u s t  a s  f o r  Eqs. 

(105)- (107))  t h a t  no e x t e r n a l  d i s t u r b a n c e s  t o  y  and y  occur ,  i. e . ,  
5 6 

when Eqs. (102) and (103) can be  assumed. Hence, a s  d i s c u s s e d  a t  t h e  

end of S e c t i o n  IV-G,  a  c o n t r o l  law f o r  t h e  o r i g i n a l  problem, a s  formu- 

l a t e d  by Eqs. (53)-(62) ,  w i l l  be o b t a i n a b l e  by s imple  t r a n s f o r m a t i o n  of 

c o o r d i n a t e s  and s u p e r p o s i t i o n  of t h e  two c o n t r o l  laws o f  t h e  decoupled 

systems,  

Re turn ing  t o  t h e  problem of Eqs. (105)-(107),  l e t  u s  w r i t e  down 

t h e  c o n d i t i o n s  of t h e  maximum p r i n c i p l e  and t h e  a d j o i n t  e q u a t i o n  n o t  - 

f o r  t h i s  problem b u t  f o r  a problem one s t e p  back of t h i s  i n  our  d e r i v a -  

t i o n ,  namely, t h e  one g iven  by r e t u r n i n g  from p o l a r  t o  r e c t a n g u l a r  co- 

o r d i n a t e s ;  i . e . ,  i n t e r p r e t  (p, 0 )  and ( r ,  @) a g a i n  a s  v e c t o r s  (zl, z3)  

and (z2, z ) and $ a s  @ - 0 - n.  T h i s  w i l l  l e a d  t o  e q u a t i o n s  of t h e  
4 

form 



i n  four  s t a t e  v a r i a b l e s  zl, ..., z  i f  v  and v  a r e  r e l a t e d  t o  w and 
4' 1 2  1 

w a s  i n  Eqs. (79) and (80). Because of the  assumptions made i n  a r r i v i n g  
2  

a t  Eqs. (105)-(107)) zl, .. ., z4 a r e  no t  exac t ly  equal  t o  yl, ..., y4, 

un less  t he  cons tan t  C i n  Eq. (104) i s  0, e t c .  However, under those 

assumptions, zl, ..., z4 r ep resen t  t he  o r i g i n a l  gimbal dev ia t ions  and 

gimbal r a t e s  mu l t ip l i ed  by c e r t a i n  cons tan t  f a c t o r s .  The reason f o r  

going back t o  a  fou r - s t a t e  r ec t angu la r  problem i s  computational con- 

venience; t h i s  problem was synthesized by the maximum p r i n c i p l e  on a  

t ime-sharing t e l e t y p e  computer and i t  was found t h a t  b e t t e r  accuracy and 

speed with simple Euler  i n t e g r a t i o n  could be achieved by avoiding the  

h ighly  nonl inear  terms i n  Eqs. (105)-(107) compared with the  simpler 

cubic  terms i n  Eqs. (A-2) and (A-4). Furthermore, s i n c e  the  two prob- 

lems a r e  equiva len t ,  the fou r - s t a t e  problem needed t o  have only th ree  

of i t s  a d j o i n t  v a r i a b l e s  swept over s u i t a b l e  ranges  i n  us ing  t h e  maximum 

p r i n c i p l e  i n s t ead  of four ,  a s  would be necessary f o r  a  general  problem 

of dimension 4, and the re fo re  the  s imula t ion  e f f o r t  was not  a c t u a l l y  

increased  by e l e v a t i n g  the s t a t e  dimension from th ree  t o  four .  

The a d j o i n t  equat ions a r e  

The Hamiltonian, t o  be maximized, i s  



The maximum i s  ach ieved  a t  

2  2  2  
when u s i n g  t h e  c i r c u l a r  c o n t r o l  r e g i o n  v + v a , o r  a t  

1 2  

v  1 = -0' s i g n  

v  = €2 s i g n  
2  

when u s i n g  t h e  square  c o n t r o l  r e g i o n  / w l l  < D, I w 2 (  Q. The l a t t e r  

was used i n  d e r i v i n g  F i g u r e s  14-17, whi le  t h e  former was used t o  o b t a i n  

F i g u r e s  12 and 13. Which o f  t h e s e  two i s  t h e  e a s i e s t  t o  i n c o r p o r a t e  

i n t o  a  u s a b l e  feedback c o n t r o l  law remains t o  be  determined.  Here a1 was 

taken  t o  be 0.0872, t h e  magnitude of t h e  o r i g i n a l  c o n t r o l  v e c t o r  (u U 2 ) .  

The boundary c o n d i t i o n s  a r e  

h i (0 )  f r e e  h . ( T )  f r e e  9 i = 1, 2, 3, 4  , 
1 

where T  i s  t h e  f i n a l  t ime, f o r  any f i x e d  i n i t i a l  p o i n t  z (O), . . . , 
1 

z 4 ( 0 ) .  The t e r m i n a l  p o i n t  i s  always t o  be z  (T) = ... z  (T) = 0, s i n c e  
1 4  

we want t o  d r i v e  r and p  t o  z e r o  i n  t h e  problem of Eqs. (105)-(107) .  

Computing backward t r a j e c t o r i e s  from t h e  o r i g i n  i n  zl, . . .  
Z4 Space 

f o r  d i f f e r e n t  s t a r t i n g  v a l u e s  f o r  t h e  ) , , I s  r e s u l t e d  i n  curves  i n  p-r 
1 

space a s  shown i n  F i g u r e s  12 and 13.  On t h e  b a s i s  of t h e s e  f i g u r e s ,  



and t h e  p l o t t e d  v a l u e s  of $ a l o n g  t h e  c u r v e s  i n  t h e s e  f i g u r e s ,  a  feed- 

back c o n t r o l  was h e u r i s t i c a l l y  a r r i v e d  a t ,  a s  g iven i n  Table  A-1 .  Note 

t h a t  t h e  s w i t c h i n g  v a l u e  4 = +Ti/6 i n s t e a d  of +n/2 was found t o  work 

Table  A - 1  

A PROVISIONAL SUBOPTIMAL FEEDBACK CONTROL LAW 

(no dead bands) 

more e f f i c i e n t l y  and was used i n  t h e  f low c h a r t  i n  F igure  A-1 .  T h i s  

c o n t r o l  law, modif ied a s  i n  F i g u r e  A - 1  was fed  back i n t o  Eqs. (A-1)- 

(A-4) t o  s e e  how w e l l  i t  r e p r e s e n t s  t h e  t ime-optimal p o l i c y  f o r  t h e s e  

e q u a t i o n s .  The r e s u l t s  were r e a s o n a b l y  good, and a r e  shown f o r  two 

s t a r t i n g  p o i n t s  i n  z -z space [hence i n  p-r-$ space f o r  Eqs. (105)- 
1 4  

(107)1, i n  F i g u r e s  14-17. For computat ional  convenience,  t h e  feedback 

law used t o  d e r i v e  F i g u r e s  14-17 was t h e  bang-bang c o n t r o l  law of  F i g u r e  

A - 1 ,  which a r o s e  from u s i n g  t h e  square  c o n t r o l  r e g i o n  l w  I 2 a, Iw I a,  1 2 

70 

Case 

2  
p  5 r /24 
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* Cases refer to Table A-1. 
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FIGURE A - I  FLOW CHART USED FOR OBTAINING FIGURES 14-17 



whereas F igures  12 and 13 were obta ined  us ing  the c i r c u l a r  con t ro l  

2  2  2  
r eg ion  given by w + w cr ; t h i s  expla ins  the  "optimal" time being 

1 2  

g r e a t e r  than  the  feedback time i n  Figure 15. Actual ly,  the shape of 

the  feedback con t ro l  reg ion  i s  r a t h e r  a r b i t r a r y ,  s i n c e  the c o n t r o l s  w 
1 

and w a r e  not ' 'physical11 torques bu t  r a t h e r  r e s u l t  from r o t a t i o n  of 
2  

t h e  phys ica l  torque vec to r  (6  6 ) through a  c e r t a i n  angle,  and i t  i s  
1' 2  

the  l a t t e r  vec to r  t h a t  i s  phys i ca l ly  constrained.  For t h i s  reason, i t  

seems b e s t  t o  use the  c i r c u l a r  region,  s ince  then ( 6  1, 02) would a l s o  

be cons t ra ined  t o  a  c i r c l e .  

The system (105)-(107) was obtained from Eqs. (87)- (95) by assuming 

r = s and 7 = 0  and no ex te rna l  d i s turbances  on the  z  ax i s .  In  t h e  more 

genera l  case  where r f s and 7 # 0, and the re  may be z-axis e x t e r n a l  

d i s tu rbances  the re  a r e  more s t a t e  v a r i a b l e s  t o  be considered. For t h i s  

case,  we have Eqs. (87)) (88)) (89)) (921, (93)) (95) f o r  the  s t a t e s  

P, r, 4 )  7)  s, YlO.  The con t ro l  law of Table A-1  can be extended t o  
2  

t h i s  case  h e u r i s t i c a l l y  by r e a l i z i n g  t h a t  t he  term K r  i n  Eq. (107) i s  

r e a l l y  y s/r cos 7 i n  Eq. (92),  and by no t ing  t h a t  the  s t a t e s  y  
10 10' S, 

7 a r e  not  being dr iven  t o  zero. Thus the  feedback c o n t r o l  t o  d r i v e  p, 

r t o  zero  should have w = -y10 s cos 7 t o  keep 4 = 0  when 4 reaches 0  
2  

'2 
J 

i n  Eq. (92))  i n s t ead  of having w = - K r  i n  Eq. (107) a s  i s  s t a t e d  i n  
2  

Case 1 of Table A-1 .  T rea t ing  the o the r  cases  of Table A - 1  s i m i l a r l y  

r e s u l t s  i n  Table A-2 f o r  t h i s  more general  problem. 

This  po l icy  assumes t h a t  the  term w = +@ can exceed the  maximum 
1 

magnitude y  s  of the  t ld i s turbance l l  term i n  Eq. (88))  and the re fo re ,  p  
10 

and r a r e  c o n t r o l l a b l e  through w As we pointed out  i n  Sec t ion  IV-G, 
1' 

t h i s  may not  be poss ib le ,  u s ing  the gimbal s i z e s  and t h e i r  maximum de- 

v i a t i o n s  assumed i n  t h i s  r epo r t .  Also, so  f a r  i t  has  been assumed t h a t  

z-axis  d i s turbance  torques a r e  n e g l i g i b l e  compared with the r eac t ion  

torque u t h a t  r e s u l t s  i n  Eq. (102) t o  keep $ = I /H 6 from being 
3 6 z  z  



Table A-2 

SUGGESTED FEEDBACK CONTROL FOR USE WITH 

EQS. ( 8 7 ) ,  (881, AND (92) WHEN r # s AND # 0 

a f f e c t e d  by motion of the  inner  gimbals. When t h e r e  a r e  l a r g e r  z-axis  

d i s turbances ,  t he  assumptions l ead ing  t o  Eqs. (105)-(107) a r e  not  va l id ,  

and the  con t ro l  law of Table A-2 needs f u r t h e r  t e s t i n g  under these  

condi t ions .  

Case 

2  
p r /2@ 
$ = O  

2  
p < r /2s! 

2. 
4 f o  

2  
p > r /2a 

3 .  $ = O  

2  
p 2 r /2s/ 

4. \ $ I  2 TT/2 

2  
p > r /2a  

5 .  o <  \ $ I  < n/2 

2  
p = r /24 

6 .  
0 < 4 < TT/2 

w 
1 

- tY 

-a 

Q' 

- a 

eu 

- W  cos JI + y s  s i n  
10 

w 
2 

-YlOs cos 11 

-a sgn $ 

- Y l o s  cos  T1 

-a sgn ($1 

-a sgn ($1 

-@ sgn ($ )  
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